Harnessing information and energy from light within a nanoscale mode volume is a fundamental challenge for nanophotonic applications ranging from solar photovoltaics to single photon detectors. Here, we show the existence of a universal condition in materials that sheds light on fundamental limits of electromagnetic to matter energy conversion (transduction). We show that the upper limit of absorption rate (transduction rate) in any nanoscale absorber converting light to matter degrees of freedom is revealed by the zero of optical conductivity at complex frequencies (σ(ω ′ + iω ′′ ) = 0). We trace the origin of this universal zero conductivity condition to causality requirements on any passive linear response function and propose an experiment of absorption resonances using plasmonic nanoparticles to experimentally verify this universal zero conductivity condition. Our work is widely applicable to linear systems across the electromagnetic spectrum and allows for systematic optimization of optical absorption in single photon detectors, solar cells, Coherent Perfect Absorbers and SPASERS.
Harnessing information and energy from light within a nanoscale mode volume is a fundamental challenge for nanophotonic applications ranging from solar photovoltaics to single photon detectors. Here, we show the existence of a universal condition in materials that sheds light on fundamental limits of electromagnetic to matter energy conversion (transduction). We show that the upper limit of absorption rate (transduction rate) in any nanoscale absorber converting light to matter degrees of freedom is revealed by the zero of optical conductivity at complex frequencies (σ(ω ′ + iω ′′ ) = 0). We trace the origin of this universal zero conductivity condition to causality requirements on any passive linear response function and propose an experiment of absorption resonances using plasmonic nanoparticles to experimentally verify this universal zero conductivity condition. Our work is widely applicable to linear systems across the electromagnetic spectrum and allows for systematic optimization of optical absorption in single photon detectors, solar cells, Coherent Perfect Absorbers and SPASERS.
Fundamental limits to light trapping, optical absorption and energy conversion directly depend on the dielectric response of materials as well as the geometric device design and are of vital importance for optimizing practical photonic devices [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . The material response (complex refractive index or optical conductivity) is a macroscopic quantity which contains information on varied microscopic excitations such as electron-hole pairs in semiconductors, free electron oscillations in metals and vibrational phonon modes in polar dielectrics. Thus material constraints, which are independent of device geometry, can guide design and optimization of photon transduction for devices such as solar cells and photodetectors.
Photonic device response, in the form of scatterers, waveguides or resonators, is characterized by the scattering matrix of electromagnetic waves [11] . The excited resonant modes in passive photonic devices decay with time which signifies a complex resonant frequency (ω res = ω ′ + iω ′′ ). The resonant modal energy has to be slowly dissipated as heat or radiated into vacuum imposing the condition ω ′′ < 0 (for e −jωt convention). Here, we show that exploring the material response into this complex frequency regime of ω ′′ < 0 provides fundamental insight on the absorption and scattering response of all photonic devices.
The subject of this paper is the observation, which has been surprisingly overlooked till date, that the optical conductivity (or equivalently the imaginary part of the dielectric constant) of any material has a zero in the lower-half of the complex frequency plane ω ′′ < 0. The significance of our result becomes clear on contrasting with Landau's insight [12] that the optical conductivity cannot be zero anywhere on the real frequency axis or the upper half of the complex frequency plane. We explain the physical significance of this universal zero conductivity condition as the upper limit to the absorption rate (transduction rate) for a given material. We show that this upper limit occurs for a plasmon resonance of a metallic nanoparticle. We also provide an appealing physical picture of why such a zero conductivity condition should be universal for all passive materials. We finally propose experiments to verify the existence of this universal condition using plasmonic nanoparticles and show this condition sheds light on perfomance characteristics of SPASERS [13] and Coherent Perfect Absorbers (CPAs) [14] . Recently, important progress has been made in identifying the upper limit to material modal loss rate in terms of Drude damping coefficients [1] . There has also been work related to limits of absorption in ray optics [2] , plasmonic resonators [3, 4] , wave optics [5, 6] , thin films [8] , solar cells [7] , upper limits of magnetooptic cross-coupling [9] and limits of near-field radiative heat transfer [10] . However, the zero conductivity condition and its universality has not been pointed out before. Our result is also applicable to all passive linear response functions thus providing a generalization of previous results.
The material response function at optical frequencies is given by the complex dielectric permittivity (ǫ(ω) = ǫ ′ (ω) + iǫ ′′ (ω)) and magnetic permeability (µ = 1). We identify the frequency dependent optical conductivity with the imaginary part of the spectrally dispersive dielectric constant σ(ω) = Im(ǫ(ω)) ω
. In [12] , Landau shows that the imaginary part of dielectric response in any passive material has to be greater than zero for all positive real frequencies. Furthermore, it is also shown that the conductivity cannot be zero in the upper-half of the complex frequency plane. Our central result is the subtle observation that the optical conductivity can be zero in the lower half of the complex plane i.e.
We now identify this zero conductivity condition in the familiar Drude and Lorentz optical response functions. Fig. 1 shows the dielectric response of Drude metal (ǫ r = 1 − ω . The green background represents the region of negative conductivity and the yellow region represents positive conductivity. Our central result is that the transition between positive and negative conductivity happens on the zero conductivity line which is universal for all materials. For the Drude and Lorentz case we have Im(ω) = −Γ/2 as the zero conductivity line.
represent real (ǫ ′ ) and imaginary (ǫ ′′ ) components of the dielectric response respectively. The sign of ǫ ′′ in the ω ′ + iω ′′ plane is represented by the background color. The green region represents ǫ ′′ < 0, while yellow region represent ǫ ′′ > 0. It can be seen that for both Drude and Lorentz metal, ǫ ′′ < 0 and ǫ ′′ > 0 regions are separated by a line on which the conductivity is zero. We will refer to this as the zero conductivity curve. It can be shown analytically that for Drude and Lorentz metals, the zero conductive curve is a straight line in the complex frequency plane given by ω ′′ = −Γ/2, where Γ is the damping frequency.
The zero conductivity curve is not unique to DrudeLorentz materials. Fig. 2 shows the conductivity of graphene [15, 16] for real and complex frequencies. Even for a 2D material like graphene, there exits a zero conductivity curve separating the σ > 0 region and region with σ < 0 in the complex frequency plane. A universal behavior is seen in all the response functions that the zero conductivity line separates the regions where the material response to complex frequencies is active or passive.
We will now apply the concept of the zero conductivity condition to shed light on the limits of the absorption rate in nanoscale structures. The absorption and scattering of light from cylinders and spheres is described by Mie theory and is strongly enhanced near resonances [17] . These resonances are captured by the poles of the scattering matrix (reflection coefficient) in the complex frequency plane. In general, the poles of the scattering matrix can lie anywhere in the lower half of the complex frequency plane but the maximal absorption (transduction) rate where electromagnetic energy is dissipated as heat (matter degrees of freedom) is limited by the zero conductivity line (see Supp. Info.). This arises since the dielectric response function in the complex frequency plane becomes active beyond the zero conductivity condition which is prohibited specifically for energy transduction.
Interestingly, for the case of metals (eg: gold, silver), the plasmonic resonances consisting of light oscillating with free electrons, the poles lie on the zero conductivity line. This occurs in the quasi-static limit and the absorption (transduction) rate achieves its maximum value. Intuitively, this upper limit is expected since electric energy in the fields in the quasi-static limit cannot be converted into heat faster than half the electron collision rate in the plasmonic medium. Note, the magnetic energy is negligible in the quasi-static limit [3] . Fig. 3 shows the poles of the scattering matrix in the complex frequency plane for a nanowire made of Drude metal. The resonant frequency of the mode is the real component (ω ′ ) of the solution while the imaginary part (ω ′′ ) represents the total modal decay rate. The total modal decay rate ω ′′ has contributions from two effects: the radiative decay of energy from the mode and heat dissipation, also called the modal material loss [1] . It can be seen in Fig 3, that the total modal loss rate is greater than Γ/2 in general. However, in the quasi-static limit when the particle size is much smaller than the incident wavelength, there exists no radiation loss and the loss is dominated by the modal material loss. In this case, the eigenmode approaches the zero conductivity curve in the complex frequency plane (ω ′′ = −Γ/2). In this limit, the pole lies on the zero conductivity curve where modal material loss (energy dissipated as heat) dominates over the radiative loss of energy. The inset shows the field profiles for two different cases when the total decay rate of the eigenmode is dominated by radiation-loss (a = 0.1λ sp ) or by material-loss (a = 0.005λ sp ).
The zero conductivity mode also gives fundamental insight into the extremely well-known plasmonic resonance condition. The spectral peak in the absorption and scattering response of the plasmonic nanowire is usually evaluated using ǫ ′ = −1. However, as described above, the plasmonic pole in the complex frequency plane also lies on the zero conductivity curve. Thus the exact spectral location of the eigenmode is on the intersection of the zero conductivity curve and ǫ = −1 contour in the complex frequency plane. This is depicted in Fig. 4 . It can be seen that the resonance frequency in the extinction cross-section (C ext ) coincides with real component of the eigenfrequency of the plasmonic mode on the zero conductivity curve, and not with ǫ ′ = −1 on the real axis (Fig. 4) .
We now propose an experiment to confirm the concept of the zero-conductivity condition. This can be done through experimentally measured plasmonic resonances in nanospheres or nanowires made of different plasmonic materials [17] [18] [19] (eg: gold, silver and titanium nitride). The resonant frequency will give the real component of the eigenfrequency (ω ′ ) in the the complex frequency plane, while the imaginary part (−ω ′′ ) will be computed from the measured Q-factor of the resonance, since Q ∝ ω ′ ω ′′ . Using ellipsometry, the dielectric response for the same metals can be empirically estimated as a function of real frequency ω. Subsequently, we can use the analytic continuity of the dielectric response to evaluate the dielectric response specifically at complex frequencies. We predict the imaginary component of the dielectric response at the complex resonance frequency to be close to zero (ǫ ′′ (ω ′ + iω ′′ ) = 0) which is the zero conductivity condition. We expect deviations due to the role of the interband transitions but it can be isolated using careful characterization.
Next, we calculate separately the radiation loss rate 
FIG. 4.
Eigenmode of nanowire ( Drude metal Γ = 0.2ωp) in the complex frequency plane and the corresponding extinction cross-section in the quasi-static limit with radius a = 0.005λp. The resonance peak in the frequency response of a nanowire to plane wave excitation depends on the location of the eigenmode in the complex frequency plane. The resonant frequency is the value of ω ′ at which the contour ǫ ′ = −1 intersects the zero conductivity line ǫ ′′ = 0. Our theory can be verified through the peak and quality factor of resonance which is directly proportional to ω ′ and ω ′ ω ′′ respectively.
and material loss rate for plasmonic nanospheres. This shows that the upper limit of the modal absorption rate is achieved when the pole approaches the zero-conductivity curve. First, we compute the complex eigenfrequencies by finding poles of the Mie scattering coefficients of lth order TM modes [20] . This gives us the total decay rate of the plasmonic mode denoted by γ t . To separate the absorption rate (transduction rate) denoted by γ, at Here η the radiation loss i.e. the modal loss when the material is lossless. γt is the modal loss when the material is lossy, which includes the radiation loss and the material loss. The material loss is approximated by γ = γt − η. The dash black line denotes the condition ǫ ′′ = 0. Thus in both cases the material loss rate γ satisfies the condition that ǫ ′′ (ω ′ + iγ) > 0 and approaches the zero conductivity condition in the limit of small radius spheres (quasi-static limit). which electromagnetic energy is dissipated as heat, we calculate the eigenfrequencies for two cases i) lossless ii) with loss. In the supplementary information, we have shown detailed justification of our approach. The blue curves in Fig.5(a)-(b) represent the net loss rate in a sphere with zero material loss (Γ = 0), as a function of normalized sphere radius r/λ p , for the first(l = 1) and second (l = 2) order modes. Since there is no material loss, the net loss rate corresponds to the radiation loss rate η in the nano-sphere. The red curve represents the net loss rate γ t in a lossy Drude sphere with γ = 0.01ω p . We then approximate the material loss rate by γ = γ t −η, shown by green curve in the figure. This approximation is justified since the excited mode profile and the resonant frequency ω ′ for lossy and loss-less are almost identical (see supplementary information Fig. 6 ). It can be seen that the modal material loss rate is confined in the region ǫ ′′ (ω ′ + iω ′′ ) > 0 and approaches the upper limit of Γ/2 when the pole approaches the zero-conductivity curve ǫ ′′ (ω ′ + iω ′′ ) = 0 (shown in black dashed curve). A detailed analysis of the optimal absorption cross-section of the nanospheres is provided in the supp. info..
Our work also sheds light on SPASERS [13] and CPAs [14] . Spasing (equivalent to lasing) is achieved when the plasmonic pole of the scattering matrix is pulled up the real frequency axis by the action of the gain medium (Im(ǫ) < 0). As shown before, for nanoscale plasmonic resonators, the plasmon pole lies on the zero conductivity line. This is the case when there is maximum dissipation of electromagnetic energy as heat, thus the gain medium has to overcome the maximum amount of material loss in the system for SPASING. Our work suggests the need for core-shell structures where the plasmon pole is shifted from the zero conductivity line as close to the real axis as possible. Similarly, for CPAs (supp. info. Fig. 1 ), an engineered amount of loss brings a zero of the scattering matrix to the real axis for perfect absorption. This is equivalent to the critical coupling condition when modal material loss rate is balanced by the radiation loss rate. However, the existing theory does not shed light on the optimal absorption rate. Our work suggests an interplay between the zero conductivity condition and location of CPA poles and zeros to optimize both absorption crosssection and absorption rate (supp. info. Fig. 6 ).
To summarize, in this paper we have shown the existence of a universal zero conductivity condition in the complex frequency plane applicable to all materials. It sheds light on limits to absorption rate in plasmonic devices and can emerge as an important design criterion to optimize transduction rate in solar cells and single photon detectors.
We directly start from the Maxwell equations in frequency domain,
For a closed structure or a unit cell of a periodic structure [1] , we have
where S is a surface that encloses the whole structure of interest, V is the corresponding volume. Substituting the Maxwell equation Eq. A1 in, one further get
Now for every region V j inside the whole volume V we define
Clearly t j are positive valued. We then find
This simple equation is the starting point of the following argument.
First note that ω should lie in the lower space of complex frequency (we use e −iωt time dependence), so −π/2 < arg(ω) < 0. Therefore 0 < arg(ω −2 ) < π, which means ω −2 must have a positive imaginary part, that is, Im(ω −2 ) > 0. This means the left hand side of Eq. A6 must also have a positive imaginary part, i.e., j Im(ǫ j )t j > 0.
As all t j are positive, the largest value of Im(ǫ j ) must be positive, or
This equation suggests that for any eigenmode ω, there must be at least one region/material whose permittivity has a positive imaginary part at this complex ω.
For each region j and given real part of frequency ω R , we can find ω j I such that
where ω j I should be positive valued. Eq. A8 then leads to a bound for the eigenmode ω = ω R − iω I ,
Note that this equation exactly means that the material loss rate cannot go beyond the zero conductivity condition. Generally speaking, if we call a region effectively active/passive if its imaginary part of permittivity is negative/positive at complex frequency, the eigen-frequency then cannot go beyond the point where all regions become effectively active. Or there must be at least one effectively passive region at the eigen-frequency. Furthermore, we expect this 'principle' should apply to other generalized susceptibilities which relate to energy dissipation in various physical phenomena.
Supplementary Info. B: Conductivity of Graphene
The conductivity of graphene is given by [21, 22] :
Relaxation time τ = 10 −12 , Temperature T = 300K. Where σ intra and σ inter corresponds to intera-band and inter-band conductivity, respectively; K B is the Boltzman constant, and E F is the Fermi Energy.
Supplementary Info. C: Definition of absorption, scattering and extinction cross-section C abs = P abs Incident intensity (C1)
C abs , C scattering and C ext corresponds to the absorption, scattering and extinction cross-sections, respectively. Cross-section is in units of area. For cylinder, it is computed per unit length. P abs and P scattering are the absorbed power and scattered power, respectively. If A m is the amplitude of the scattered field from the cylinder (normalized w.r.t. the incident field), then the scattering and extinction cross-section is given by [17] ,
Supplementary Info. D: Eigenmodes of Nanowire A metallic nano-wire supports a plasomonic mode for transverse magnetic polarization. In the nano-wire, a mode loses its energy due to material loss in the metal as well as due the the radiation of the wave in the surrounding medium. The resonant frequencies of the eigen modes are the solution to the equation,
where a is the radius of the nano-wire, k = ω/c is the phase constant in free space, ǫ 1 is the complex relative dielectric constant of the nano-wire, ǫ 0 is the relative dielectric constant of the surrounding medium, J m is the m th order Bessel function, and H
m is the Hankel function of the m th order and first kind. Eq(D1) has a solution only for complex values of ω, where the imaginary component of the solution is a measure of the decay rate of the fields.
Supplementary Info. E: Optical absorption rate in Nanospheres
To compute the eigenfrequencies, we find the poles of the Mie scattering coefficients of TM modes, here k 0 = ω/c is the free space wavevector, k m = √ ǫω/c is the wavevector in bulk medium. j l and h l are l-th order Bessel function of first and third kind, respectively.
We compute the eigenfrequency for a lossless sphere to find the radiation loss and for a lossy sphere to find the total modal loss. Here η is the modal loss when the material is lossless, that is, the radiation loss. γ t is the modal loss when the material is lossy, which includes the radiation loss and the material loss. We then approximate the material loss by γ = γ t − η. This approximation is justified because the resonant frequency (ω r ) for lossy and lossless nano-sphere are almost identical for all values of r, as shown in Fig. 6(a)-(b) .
The absorption cross section due to this l-th order TM mode is given by
In the coupled mode theory(CMT), the absorption cross section for a lossy sphere which support a single resonance is [23] σ CMT = λ 2 8π (2l + 1) 4ηγ (ω − ω 0 ) 2 + (η + γ) 2 (E3) η is the radiation loss, γ is the material loss. The absorption cross section is normalized by the factor λ 2 8π (2l + 1). From CMT, it is clear that the maximum normalized absorption cross section is one, which is achieved at the critical coupling condition when the structure is excited at the resonant frequency ω 0 , and the radiation loss late equals the material loss rate. This condition is equivalent to the design of coherent perfect absorbers which controls the zeros of the scattering matrix. Note, the CPA does not provide insight into the optimal absorption rate which is provided by our theory of the zero conductivity condition. The absorption cross-section as function of frequency at radius at which absorption cross-section is maximized in shown in Fig. 6(c)-(d) .
